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Abstract
The non-relativistic versions of the generalized Poincare´ algebras and generalized AdS-Lorentz
algebras are obtained. This non-relativistic algebras are called, generalized Galilean algebras type
I and type II and denoted by GBn and GLn respectively. Using a generalized Ino¨nu¨–Wigner
contraction procedure we find that the generalized Galilean algebras type I can be obtained from
the generalized Galilean algebras type II. The S-expansion procedure allows us to find the GB
5
algebra from the Newton Hooke algebra with central extension. The procedure developed in Ref.
[1] allow us to show that the nonrelativistic limit of the five dimensional Einstein–Chern–Simons
gravity is given by a modified version of the Poisson equation. The modification could be compatible
with the effects of Dark Matter, which leads us to think that Dark Matter can be interpreted as a
non-relativistic limit of Dark Energy.
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I. INTRODUCTION
In Refs. [2, 3] was shown that the S-expansion procedure allows to construct Chern–
Simons gravities in odd dimensions invariant under an algebra referred as Bm algebra and
Born–Infeld gravities in even dimensions [4–7] invariant under a certain subalgebra of the
Bm algebra, leading to general relativity in a certain limit. The Bm algebras, which could
be also called ‘generalized Poincare´ algebras’, was constructed from AdS-algebra and a
particular semigroup denoted by S
(N)
E = {λα}N+1α=0 , which is endowed with the multiplication
rule λαλβ = λα+β if α + β ≤ N + 1; λαλβ = λN+1 if α + β > N + 1.
In Ref. [8] was shown that the so-called AdS-Lorentz algebra so (D − 1, 1)⊕so (D − 1, 2)
algebra [9–11] in D dimensions can be obtained from AdS-algebra so (D − 1, 2) by means
of the S-expansion procedure with a semigroup which is kown as S
(2)
M . This AdS-Lorentz
algebra is related to the so called Maxwell algebra [12, 13] via a contraction process [14].
Recently was shown in Ref. [15] that the resonant S-expansion of the AdS Lie alge-
bra leads to a generalization of the AdS-Lorentz algebra when it is used S
(N)
M = {λα}Nα=0
as semigroup, which is endowed with the multiplication rule λαλβ = λα+β if α + β ≤ N ;
λαλβ = λα+β−2[(N+1)/2] if α+β > N . These algebras are called generalized AdS-Lorentz al-
gebras. In this same Ref. [15] was found that a generalized Ino¨nu¨–Wigner contraction of the
generalized AdS-Lorentz algebras provides the so called generalized Poincare´ algebras, Bm.
On the other hand, in Ref. [1] was shown how the Newton–Cartan formulation of Newto-
nian gravity can be obtained from gauging the Bargmann algebra, i.e. the centrally extended
Galilean algebra.
This paper is organized as follows: In Section II it is shown that, using an analogous
procedure to that used in Ref. [16] it is possible to obtain the non-relativistic versions of the
generalized Poincare´ algebras and generalized AdS-Lorentz algebras. The nonrelativistic
algebras will be called, generalized Galilean algebras type I and type II and denoted by
GB
n
and GL
n
respectively. In Section III it is shown that the generalized Galilean algebras
type I can be obtained by a generalized Ino¨nu¨–Wigner contraction of generalized Galilean
algebras type II. In this section it is also shown that the procedure of S-expansion allows us
to find the GB
5
algebra from the Newton Hooke algebra with central extension. In Section
IV it is show that the non-relativistic limit of Einstein–Chern–Simons gravity is given by a
modified version of the Poisson equation. In Section V it is found that, using an analogous
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procedure to that used in Ref. [1], it is possible to find a generalization of the Newtonian
gravity. Finally our conclusions are presented in Section VI.
II. GENERALIZED GALILEAN TYPE I (GB
n
) AND TYPE II (GL
n
) ALGEBRAS
The use of the procedure developed in Ref. [16], allow us to show that it is possible to
obtain the non-relativistic versions of the generalized Poincare´ algebras and of the generalized
AdS-Lorentz algebras. The nonrelativistic algebras will be called, generalized Galilean type
I and type II algebras and denoted by GB
n
and GL
n
respectively. We consider the particular
cases n = 4, 5.
Consider now the non relativistic versions of the Maxwell andB
5
algebras. Separating the
spatial temporal components in the generators {Pa, Jab, Za, Zab}, performing the rescaling
Ki −→ c−1Ji0, Pi −→ R−1Pi, H −→ cR−1P0 − c2M , Zi0 −→ c−1Zi0, Zi −→ R−1Zi,
Z0 −→ cR−1Z0 − c2N and then taking the limit c, R→∞, we find that:
(i) the generators of the non-relativistic version of the Maxwell algebra, which we will
denote by GB
4
, satisfy the following commutation relations
[Jij, Jkl] = δkjJil + δljJki − δkiJjl − δliJkj,
[Jij, Kk] = δjkKi − δikKj, [Ki, Pj] = −δijM ,
[Jij, Pk] = δjkPi − δikPj, [Ki, H ] = −Pi,
[Jij , Zkl] = δkjZil + δljZki − δkiZjl − δliZkj,
[Jij, Zk0] = δjkZi0 − δikZj0, [Pi, H ] = ν2Zi0,
[Zij, Kk] = δjkZi0 − δikZj0. (1)
and (ii) the generators of the non-relativistic version of the B
5
algebra [2], [15] which we
will denote by GB5, satisfy the commutation relations
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[Jij , Jkl] = ηkjJil + ηljJki − ηkiJjl − ηliJkj,
[Jij, Kk] = ηjkKi − ηikKj, [Ki, Pj] = −δijM ,
[Jij, Pk] = ηjkPi − ηikPj, [Ki, H ] = −Pi,
[Jij , Zkl] = ηkjZil + ηljZki − ηkiZjl − ηliZkj,
[Jij, Zk0] = ηjkZi0 − ηikZj0, [Ki, Zj] = −δijN ,
[Zij, Kk] = ηjkZi0 − ηikZj0, [Ki, Z0] = −Zi,
[Jij , Zk] = ηjkZi − ηikZj, [Zi0, Pj] = −δijN ,
[Zij, Pk] = ηjkZi − ηikZj, [Zi0, H ] = −Zi,
[Pi, H ] = ν
2Zi0. (2)
where ν = c/R is a finite constant with c the speed of light and R the universe radius.
Following the same procedure used previously, it is possible to find non-relativistic versions
of the generalized AdS-Lorentz algebras, which will be called generalized Galilean type II
algebras and denoted and GL
n
. It is direct to show that using a Ino¨nu¨–Wigner contraction
procedure we can obtain the GB
n
from GL
n
.
III. GB
n
ALGEBRAS
A. GB
4
algebra from the GL
4
algebra
From Ref. [15] we know that the generalized Poincare´ algebras can be obtained from
the generalized AdS-Lorentz algebras by means of a generalized Ino¨nu¨–Wigner contraction.
This property of these relativistic algebras is inherited by their corresponding nonrelativistic
algebras. We consider, as an example, the contraction of the GL
4
algebra. In fact, performing
the following rescaling Pi −→ λPi, H −→ λH , M −→ λM , Zi0 −→ λ2Zi0, Zij −→ λ2Zij of
the GL
4
algebra provides in the limit λ −→ 0 the GB
4
algebra (1). Similarly we can get the
GB
5
algebra from the GL
5
algebra.
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B. GB
5
algebra from the Newton Hooke algebra
In Refs. [2, 3] was shown that the S-expansion procedure allows to obtain the ‘generalized
Poincare´ algebras’Bn from AdS-algebra. In this subsection it is shown that the procedure of
S-expansion allows us to find the GB
5
algebra from the Newton Hooke algebra with central
extension. A representation of AdS algebra is given by the matrices
Γµν =
1
4
[γµ, γν ] ,
where the matrices γµ satisfy the Clifford algebra γµγν+γνγµ = 2ηµν , with µ, ν : 0, 1, ···, 5 and
where ηµν = diag (−c2, 1, 1, 1, 1,−R2). The identification Jij = Γij, Γi0 = cKi, Γi5 = RPi,
Γ05 = RP0 = Rc
−1 (H + c2M) and Γ∗ = 2M with Γ∗ = γ0γ1γ2γ3γ4γ5, it leads to the
commutation relations of the Newton Hooke algebra with central extension Ref. [17].
From Ref. [18] we find that the non-vanishing components of the invariant tensor for
so(4, 2) are given by
〈Γ∗{ΓµνΓρσΓδτ}〉 = −8(Rc)2ǫµνρσδτ ,
〈Γ∗{ΓµνΓρσΓτ5}〉 = −8(Rc)2ǫµνρστ5.
Following an analogous procedure to that used in Ref. [16], we find that the only nonzero
components of the invariant tensor for the 5-dimensional Newton Hooke algebra with central
extension.
〈JijJklM〉 = −16ǫijkl,
〈JijPkKl〉 = −16ǫijkl.
Following the definitions of Ref. [19] (see also [20]) let us consider the S-expansion of
Newton Hooke algebra with central extension using as semigroup S
(3)
E = {λ0, λ1, λ2, λ3, λ3}
endowed with the multiplication rule λαλβ = λα+β if α + β ≤ 4; λαλβ = λ4 if α + β > 4.
After extracting a resonant and reduced subalgebra, one finds the GB
5
algebra, given by
(2). The invariant tensors for GB5 can be obtained from Newton Hooke algebra with central
extension. Using V II.2 from Ref. [19] we find
〈JijJklM〉 = −4
3
α1lvǫijkl, 〈JijPkKl〉 = −4
3
α1lvǫijkl, 〈JijZklM〉 = −4
3
α3lvǫijkl,
〈ZijPkKl〉 = −4
3
α3lvǫijkl, 〈JijPkZl0〉 = −4
3
α3lvǫijkl, 〈JijJklN〉 = −4
3
α3lvǫijkl,
〈JijZkKl〉 = −4
3
α3lvǫijkl, (3)
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where the constants α1 and α3 are dimensionless and the factors l,v are introduced to display
the dimension of 〈· · · 〉, where l and v are parameters of dimension length and velocity
respectively.
IV. NON-RELATIVISTIC LIMIT OF EINSTEIN–CHERN–SIMONS GRAVITY
The five dimensional Chern–Simons lagrangian for the B5 algebra is given by [2]
L
(5)
ChS = α1l
2εabcdeR
abRcdee + α3εabcde
(
2
3
Rabecedee + 2l2kabRcdT e + l2RabRcdhe
)
, (4)
where α1, α3 are parameters of the theory, l is a coupling constant, R
ab = dωab + ωacω
cb
corresponds to the curvature 2-form in the first-order formalism. In Ref. [21] was considered
that in the presence of matter the lagrangian is given by
L = L
(5)
ChS + κLM ,
where L
(5)
ChS is the five-dimensional Chern–Simons lagrangian given by (4), LM =
LM(e
a, ha, ωab) is the matter lagrangian and κ is a coupling constant related to the effective
Newton’s constant.
The Lagrangian (4) shows that standard, five-dimensional General Relativity emerges as
the l → 0 limit of a Chern–Simons theory for the generalized Poincare´ algebra B5. Here l is
a length scale, a coupling constant that characterizes different regimes within the theory.
The variation of the lagrangian (4) w.r.t. the dynamical fields vielbein ea, spin connection
ωab, ha and kab, leads to the following field equations [22]
εabcde(2α3R
abeced + α1l
2RabRcd) = κ
δLM
δee
, (5)
α3l
2εabcdeR
abRcd = κ
δLM
δhe
, (6)
α3l
2εabcdeR
cdDhe = 0, (7)
where we have considered that the torsion vanishes T a = 0 ( δLM
δωab
= 0) and kab = 0, while
the field ha is associated, in the context of Einstein–Chern-Simons cosmology, with the dark
energy, as shown in Refs. [21, 22].
In the case where the equations (5-7) satisfy the cosmological principle and the ordinary
matter is negligible compared to the dark energy, we find that the equations (5 - 7) take the
form [22]
6
6(
a˙2 + k
a2
)
= κ5αρ
(h), (8)
3
[
a¨
a
+
(
a˙2 + k
a2
)]
= −κ5αp(h), (9)
3l2
κ5
(
a˙2 + k
a2
)2
= ρ(h), (10)
3l2
κ5
a¨
a
(
a˙2 + k
a2
)
= −p(h), (11)
(
a˙2 + k
a2
)[
(h− h(0)) a˙
a
+ h˙
]
= 0. (12)
The field equations (8-12) were completely resolved for the age of Dark Energy in Ref. [22],
where was find that the field ha has a similar behavior to that of a cosmological constant.
In fact, in Section 3 of Ref. [22] has been found solutions that describes accelerated
expansion for the three possible cosmological models of the universe. Namely, spherical
expansion (k = 1), flat expansion (k = 0) and hyperbolic expansion (k = −1). This means
that the Einstein–Chern–Simons field equations have as one of their solutions an universe
in accelerated expansion. This result allow us to conjeture that this solutions are compat-
ible with the era of Dark Energy and that the energy-momentum tensor for the field ha
corresponds to a kind of positive cosmological constant.
Introducing (6) in (5) we find
∗ εabcde(2α3Rabeced) =
(
β1Υe − α1
α3
β2Υ
(h)
e
)
, (13)
where
β1Υa = κ ∗
(
δLM
δea
)
, β2Υ
(h)
a = κ ∗
(
δLM
δha
)
,
and ∗ is the Hodge star operator.
In the limit of weak gravitational field one assumes that the world metric tensor gµν is
not very much different from the Minkowski metric ηµν = diag(−1, 1, ..., 1). In fact, it can
be then written in the form gµν = ηµν + hµν , where hµν represents the small corrections
to the flat space-time metric ηµν due to the presence of a weak gravitational field. In this
approximation |hµν | << 1, so that terms of order higher than the first in hµν can be neglected
in the field equations. So that,
ds2 = gµνdx
µdxν = ηabe
aeb
= −(1 − h00)dt2 + (1 + h11)(dx1)2 + (1 + h11)(dx2)2 + (1 + h11)(dx3)2 + (1 + h11)(dx4)2.
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Introducing an orthonormal basis
e0 ≈
(
1 +
h0 0
2
)
dt, e1 ≈
(
1 +
h1 1
2
)
dx1, e2 ≈
(
1 +
h2 2
2
)
dx2,
e3 ≈
(
1 +
h3 3
2
)
dx3, e4 ≈
(
1 +
h4 4
2
)
dx4,
and using the first and second structural equations T a = dea+ωabe
b = 0, Rab = dω
a
b+ω
a
cω
c
b
we have
R00 = −∇
2h00
2
,
R11 =
∂1
2h00
2
− ∂2
2h11
2
− ∂3
2h11
2
− ∂4
2h11
2
,
R22 =
∂2
2h00
2
− ∂1
2h22
2
− ∂3
2h22
2
− ∂4
2h22
2
,
R33 =
∂3
2h00
2
− ∂1
2h33
2
− ∂2
2h33
2
+
∂4
2h33
2
,
R44 =
∂4
2h00
2
− ∂1
2h44
2
− ∂2
2h44
2
− ∂3
2h44
2
.
From (13) we can see
Rµν − 1
2
gµνR = − 1
8α3
(
β1Υµν − α1
α3
β2Υ
(h)
µν
)
. (14)
In the limit of weak gravitational field one assumes that the leading term in the energy-
momentum tensors are Υ00 = ρ and Υ
(h)
00 = ρ
(h) so that
R00 =
1
12α3
(
β1ρ− α1
α3
β2ρ
(h)
)
. (15)
On the another hand the motion of a particle described by the geodesic equation
d2xµ
ds2
+ Γµνρ
dxν
ds
dxρ
ds
= 0, (16)
where xµ = {x0, xi} = (t, xi). In the nonrelativistic limit eq. (16) becomes
d2xµ
dt2
= −Γµ00
(
dx0
dt
)2
= −Γµ00, (17)
and in the limit of weak gravitational field we can put gµν = ηµν +hµν , with |hµν | << 1, and
we can neglect terms of order h2 and higher. From the definition of the Christoffel symbols
we have Γi00 = −12δij∂jh00, where we have assumed that the field is static, i.e., ∂0gµν = 0. So
that the geodetic equation is given by
d2xi
dt2
=
1
2
δij∂jh00, (18)
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which coincides with Newton equation of motion d
2xi
dt2
= −∂iφ provided that h00 = −2φ,
therefore Γi00 = δ
ij∂jφ. This means that the only non-zero component of the Riemann tensor
corresponding to connection Γi00 is given by R
i
0j0 = δ
ik∂k∂jφ, so from (15) we can conclude
that the nonrelativistic limit of the five dimensional Einstein–Chern–Simons gravity is a
modified version of the Poisson equation given by
∇2φ = 2
3
(
k1ρ− αk2ρ(h)
)
, (19)
where k1 =
β1
8α3
, k2 =
β2
24α3
and α = 3α1
α3
[21]. If in (19) we choose α = 0 or k2 = 0 we obtain
the Poisson equation in five dimensions provided that k1 = 8πG.
V. NEWTON–CHERN–SIMONS GRAVITY
In Ref. [1] was shown how the Newton–Cartan formulation of Newtonian gravity can be
obtained from gauging the Bargmann algebra. In Refs. [2] was shown that the gauging of
B5 lead to a five-dimensional Chern–Simons gravity which empties into general relativity
in a certain limit. On the other hand, we have seen that the non-relativistic version of the
B5 algebra is given by the GB5 algebra and that the procedure of S-expansion allows us to
find the GB
5
algebra from the Newton Hooke algebra with central extension. In this Section
we show that, using an analogous procedure to that used in Ref. [1], it is possible to find a
generalization of the Newtonian gravity.
A. Gauging the GB
5
algebra
We start with a one-form gauge connection A valued in the GB
5
algebra is given by
A =
v
l
τH +
1
l
eiPi +
v
l
h0Z0 +
1
l
hiZi +
1
vl
mM +
1
vl
nN
+
1
v
ωiKi +
1
v
kiZi0 +
1
2
ωijJij +
1
2
kijZij (20)
where l and v are parameters of dimension length and velocity respectively. The correspond-
ing two-form curvature is given by
F =
v
l
R(H)H +
1
l
Ri(Pi)Pi +
v
l
R(Z0)Z0 +
1
l
Ri(Zi)Zi +
1
vl
R(M)M
+
1
vl
R(N)N +
1
v
Ri (Ki)Ki +
1
v
Ri (Zi0)Zi0 +
1
2
Rij (Jij)Jij +
1
2
Rij (Zij)Zij , (21)
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where
R(H) = dτ , Ri(Pi) = T
i − ωiτ ,
R(Z0) = dh
0, R(M) = dm− ωiei,
Ri(Zi) = Dh
i − ωih0 − kiτ + kijej ,
R(N) = dn− ωihi − kiei,
Ri(Zi0) = Dk
i + eiτ + kijω
j, Ri(Ki) = Dω
i,
Rij(Jij) = R
ij , Rij(Zij) = Dk
ij, (22)
with T i = dei + ωijej , R
ij = dωij + ωikω
kj.
Since the gauge connection A transforms as
δA = dΛ+ [A,Λ] ,
where
Λ =
v
l
ζ0H +
1
l
ζ iPi +
v
l
ρ0Z0 +
1
l
ρiZi +
1
vl
σM +
1
vl
γN
+
1
v
λiKi +
1
v
χiZi0 +
1
2
λijJij +
1
2
χijZij ,
we find, using the GB
5
algebra, that the variations of the gauge fields are given by
δτ = dζ0, δei = Dζ i − ωiζ0 − λijej + τλi,
δhi = Dρi − ωiρ0 − λijhj + h0λi + kijζj − kiζ0 − χijej + τχi,
δm = dσ − ωiζi + eiλi, δωi = Dλi − λijωj,
δn = dγ − kiζi + hiλi − ωiρi + eiχi, δh0 = dρ0,
δki = Dχi − λijkj − χijωj + kijλj + eiζ0 − ζ iτ , δωij = Dλij,
δkij = Dχij + kikλ
kj + kjkλ
ik, (23)
where the derivative D is covariant with respect to the J-transformations.
Following Ref. [1] we impose now several curvature constraints. These constraints convert
the P and H transformations into general coordinate transformations in space and time.
We write the parameter of the general coordinate transformations ξλ as
ξλ = eλi ζ
i + τλζ0.
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Here we have used the inverse spatial vielbein eλi and the inverse temporal vielbein τ
λ
defined by [1]
ei µe
µ
j = δ
i
j , τ
µτµ = 1, τ
µei µ = 0
τµe
µ
i = 0, e
i
µe
ν
i = δ
ν
µ − τµτ ν . (24)
From (23) we can see that only the gauge fields e iµ , τµ, mµ, h
i
µ , h
0
µ and nµ transform under
the P and H transformations. These are the fields which should remain independents, while
the remaining fields will be dependent upon the aforementioned fields. This can be achieved
with the following constraints
R(H) = dτ = 0, Ri(Pi) = T
i − ωiτ = 0, (25)
R(M) = dm− ωiei = 0, R(Z0) = dh0 = 0,
Ri(Zi) = Dh
i − ωih0 − kiτ + kijej = 0,
R(N) = dn− ωihi − kiei = 0. (26)
An analogous procedure to that used in Ref. [1] allows us to obtain the kµ
ij and kµ
i
fields. In fact, using the constraints (26) we find
ω ijµ = (∂[µeν])
ieνj − (∂[µeν])jeνi + eµk(∂[νeρ])keνieρj − τµeν[iω j]ν , (27)
ω iµ = e
νi∂[µmν] + e
νiτρeµj∂[νeρ]
j + τµτ
νeρi∂[νmρ] + τ
ν∂[µeν]
i, (28)
k ijµ = (D[µhν])
ieνj − (D[µhν])jeνi + eµk(D[νhρ])keνieρj
− ωi[µh0ν]eνj + ωj[µh0ν]eνi − eµkωk[νh0ν]eνieρj − τµeν[ik j]ν , (29)
k iµ =e
νi∂[µnν] − eνiωk[µhν]k + eνiτρeµjD[νhρ]j − eνiτρeµjωj [νh0ρ]
+ τµτ
νeρi∂[νnρ] − τµτ νeρiωk[νhρk] + τ νD[µhν]i − τ νωi[µh0ν]. (30)
B. Newton–Chern–Simons Lagrangian
A Chern–Simons lagrangian form LChS(A, 0) ≡ Q2n+1(A, 0) is a diferential form defined
for a connection, whose exterior derivative yields a Chern class. Although the Chern classes
11
are gauge invariant, the Chern–Simons forms are not; under gauge transformations they
change by a closed form. A transgression form Q2n+1(A1, A2) on the other hand, is an
invariant differential form whose exterior derivative is the difference of two Chern classes. It
generalizes the Chern–Simons form with the additional advantage that it is gauge invariant.
To obtain the lagrangian for 5-dimensional Chern–Simons gravity we use subspaces sep-
aration method introduced in Ref. [23] and write LChS in terms of a transgression form, a
Chern–Simons form and a total exact form
Q5(A1, 0) = Q5(A1, A2) +Q5(A2, 0) + dQ4(A1, A2, 0),
where,
Q5(A1, A2) = 3
∫ 1
0
dt
〈
θF 2t
〉
(31)
with θ = A1 − A2, At = A2 + tθ, A1 = A, A2 = ω = 12ωijJij, Ft = dAt + AtAt and
Q5(A2, 0) = 3
∫ 1
0
dt
〈
A2F
2
t
〉
(32)
where now At = tA2 = tω.
So that if we don’t consider boundary terms the Chern-Simons lagrangian is given by:
LChS,GB
5
= α1ǫijkl
(
−2RijT kωl − 4
3
Rijωkωlτ + 2RijDωkel −RijRklm
)
+ α3ǫijkl
(
4
3
ν2Rijekelτ
−2RijDhkωl − 4
3
Rijkkωlτ − 4
3
Rijωkωlτˆ + 2RijDωkhl − 4
3
DkijT kωl
−Dkijωkωlτ − Rijkkldm− 2
3
Rijkklemωm − 2
3
Rijωkmk
mlm− 4
3
kijT kDωl
−kijDωkωlτ − 2RijT kkl − 4
3
Rijωkklτ +
2
3
Rijkkmωme
l +
2
3
ωimk
jmDωkel
−RijRkln− 2Rijωkmkmel
)
. (33)
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The lagrangian variation of (33) leads to the following equations of motion:
ǫijkl(−4
3
α1R
ijωkωl +
4
3
ν2α3R
ijekel) = κ
δLM
δτ
, (34)
4
3
α3ǫijkl0R
ijωkωl = −κδLM
δτˆ
, (35)
4ǫijkl
(
α1R
ijDωk − 2
3
ν2α3R
ijekτ
)
= κ
δLM
δel
, (36)
2α3ǫijklR
ijDωk = κ
δLM
δhl
, (37)
α1ǫijklR
ijRkl = −κδLM
δm
, (38)
α3ǫijklR
ijRkl = −κδLM
δn
, (39)
4ǫijkl
(
2α1
3
Rijωkτ − α1RijT k + 2α3
3
Rijωkτˆ − α3RijDhk
)
= κ
δLM
δωl
, (40)
ǫijkl
(
−2α1Rkmemωl − 4α1T kDωl − 4α1
3
ωkωldτ − 8α1
3
Dωkωlτ + 2α1R
kmωme
l
−2α1Rkldm+ 8
3
ν2α3T
kelτ +
4α3
3
ekeldτ − 2α3Rkmhmωl − 4α3DhkDωl
−4α3
3
ωkωldτˆ − 8α3
3
Dωkωlτˆ + 2α3R
kmωmh
l − α3Rkldn
)
= κ
δLM
δωij
, (41)
where, we have considered, in analogy with the Section IV, kij = ki = 0. The first four
equations corresponding to the non-relativistic version of the Einstein equations. The equa-
tions (38) and (39) are second order curvatures then in the limit of weak gravitational field
δLM
δm
= δLM
δn
= 0. The equations (40) and (41) corresponding to the non-relativistic version
of the torsion equation.
In analogy with the Section IV, the first two lead us to
∗ ǫijklRijekel = 3
4ν2
(
β1
α3
Υ0 − α1β2
α32
Υ
(h)
0
)
= Ω0, (42)
where we found that 4R00 = Ω00 with R00 = ∇2φ. Finally from (42) we obtain
∇2φ = 3
2ν2
(k1ρ− αk2ρ(h)), (43)
where the constants k1 =
β1
8α3
= 8πG, k2 =
β2
24α3
and α = 3α1
α3
. This result coincides
with the equation (19) if ν = 3
2
. This results shows that the non-relativistic limit of
Einstein–Chern–Simons gravity, invariant under the B5 algebra coincides with Newton –
Chern–Simons gravity invariant under the algebra GB
5
.
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VI. COMMENTS
In the present work we have shown that: (i) it is possible to obtain the non-relativistic
versions of both generalized Poincare´ algebras and generalized AdS-Lorentz algebras. These
non-relativistic algebras are called generalized Galilean type I and type II algebras and
denoted by GB
n
and GL
n
respectively. (ii) The procedure of S-expansion allows us to find
the GB
5
algebra from the Newton–Hooke algebra with central extension. (iii) Using an
analogous procedure to that used in Ref. [1], it is possible to find the non-relativistic limit
of the five dimensional Einstein–Chern–Simons gravity which lead us to a modified version
of the Poisson equation.
It is interesting to note that the B5 algebra is a generalization of the Poincare´ algebra
which includes the extra generators Zab and Za. This algebra leads to a Chern–Simons
lagrangian which coincides with the Einstein–Hilbert lagrangian in a certain limit, even if the
new gauge field vanishes and therefore leads to newtonian gravity in the non relativistic limit.
The generators Zi0, Zij, are the space-time components of the Zab = (Zi0, Zij) relativistic
generators, whose gauge field kab = (ki, kij) we fix to kab = 0 in the field equations.
On the other hand the gauge field ha = (h0, hi) associated to the generators Za generates
modifications in the Einstein equations which can be interpretated, in the cosmological
contex, as an effect due to the dark energy [21, 22]. This modifications leads, in the non-
relativistic limit, to a modification in the Poisson equation shown in (43), which could be
compatible with the Dark Matter. This would allow us conjecture that Dark Matter could
be interpreted as the non-relativistic limit of Dark Energy.
The modified form of Poisson equation (43) suggests a possible connection with the so
called MOND approach to gravity interactions. In fact the first complete theory of MOND
was constructed by Milgrom and Bekenstein in Ref. [24]. This theory is based on the
lagrangian
L = − a
2
0
8πG
f


∣∣∣~∇φ∣∣∣
a20

− ρφ (44)
where φ is the gravitational potencial (meaning that for a test particle ~a = −~∇φ), and ρ
denotes the matter mass density. The corresponding equation for φ is given by
~∇ ·

µ


∣∣∣~∇φ∣∣∣
a0
~∇φ



 = 4πGρ (45)
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where µ(
√
y) = df(y)/dy, which can be written as
µ∇2φ = 4πGρ− ~∇µ · ~∇φ. (46)
Comparing this last equation with equation (43), we can see that in some particular cases
the MOND approach to gravity could coincide with the modified Poisson equation (43)
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